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THE t-DEVIATION AND z-DEVIATION FORMULAS

I ntroduction

Y ou can use the Gaussian distribution as an approximation to the distribution of some actual variable that has been
observed in asample or a population. When you do so, you use the pertinent one of the following formulas:

Equation 1. Deviation in asample
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Equation 2. Deviation in a population
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In these formulas t and z represent the value to be used in entering a table of the Gaussian distribution, X represents
an observed value (or, more generally, avalue of the actual variable whose behavior is being investigated), X repre-
sents the sample mean (calculated from the observations), s represents the sample standard deviation (also calcul ated
from the observations), and x and o represent the population mean and standard deviation, respectively.

An Example of the Use of the Gaussian Distribution

For example, suppose u=220cmand o =25cm. Thenif Xisan observed value such that
X=190 cm, X canbesaidto fall 1.2 standard deviations below the mean, for

L= X-u _ 190 - 220 _ _@ - 19
o 25 25

Equations 1 and 2 provide away of transforming observed sample values into values of the Gaussian distribution,
and vice versa. Through such transformations you can use the information about the Gaussian distribution that is
embodied in atable of it to provide information about the distribution of the actual variable, by going from observed
values to Gaussian-distribution values and then back to real-world values.

Therational e for the transformation involves two steps, which we shall discuss in terms of Equation 1 (analogous
reasoning applies to Equation 2).

In thefirst step, which is embodied in the numerator of the formula, we move the mean from X, the mean of the
original variable, to 0, the mean desired for the new (i.e., the transformed) variable. (We want the new variable to
have a mean of 0 in order to match the mean of the standardized Gaussian distribution.) We do this asfollows: For
each and every observed value X, we subtract the value of the sample mean X from X, so that the mean of the
resultant set of differencesis0. What this step leaves in the numerator is the signed distance between the particular
observed value and the sample mean, which can be thought of as akind of center of the set of observed values. (The
signed distance is the distance with a plus, +, or minus, -, sign attached to it. The plussign isto be understood to be
present if thereis no sign marked.)
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In the second step, we change the units in which the signed distance in the numerator is expressed. Specifically, we
move from the unit of measurement that was used in the original observations (e.g., inches for height measurements)
to anew unit, the standard deviation of the Gaussian distribution. We make the change by dividing the numerator
by s, expressed in the original units. The transformation process is exactly the same as that involved when we
change from one unit of physical measurement to another.

For example, suppose we had weighed a loaf of bread and found that its weight was 24 ounces. If we wanted to
move from the old unit, ounces, to the new unit, pounds, to express the weight of the loaf, we would divide 24 by 16
to obtain the answer, 1.5 pounds. The key is to recognize that the transformation from old to new unitsinvolves
dividing the observed number of old units by the number of old unitsin one new unit. Inthe example, we used the
fact that in one pound (the new unit) there are 16 ounces (the old unit). The relationship may be written as

measurement expressed in old units
number of old unitsin one new unit

measurement expressed in new units =

which should remind you of Equations 1 and 2. Thus, if we divide the signed difference in the numerator of
Equation 1 by the number of old units in one standard deviation, we obtain a value of t that is expressed in the new
unit, the standard deviation.

The overall result of Equation 1 is the transformation of the observations from the original units of measurement
into new values, t, expressed in the new unit of measurement, the standard deviation, with the t-expressed
observations centered on 0. Such t values, so centered, are what are needed to use tables of the Gaussian distribution
(or, in the case of small samples [especially, samples of size 30 or smaller], to use tables of the Student'st
distribution).

Aswe noted earlier, analogous reasoning applies to using Equation 2 to deal with observations of an entire
population, as opposed to observations of a sample. Of course, most of the time in statistical work, we are dealing
with observations of a sample and with using those observations to make suitable inferences about the nature of the
population.



